In direct breaking of non-supersymmetric SO(10) to the standard model, we investigate the possibility that dark matter (DM) decaying through its mixing with right-handed neutrino (RHν) produces high energy IceCube neutrinos having type-I seesaw masses. Instead of one universal mixing and one common heavy RHν mass proposed in a recent standard model extension, we find that underlying quark-lepton symmetry resulting in naturally hierarchical RHν masses predict a separate mixing with each of them. We determine these mixings from the seesaw prediction of the DM decay rates into the light neutrino flavors. We further show that these mixings originate from Planck-scale assisted spontaneously broken matter parity needed to resolve the associated cosmological domain wall problem. This leads to the prediction of a new LHC accessible matter-parity odd Higgs scalar which also completes vacuum stability in the Higgs potential for its mass M χ S 178 GeV. Two separate minimal SO(10) models are further noted to predict such dark matter dynamics where a single scalar submultiplet from 126 † H or 210 H of intermediate mass achieves precision gauge coupling unification. Despite the presence of two large Higgs representations and the fermionic dark matter host, 45 F , experimentally accessible proton lifetimes are also predicted with reduced uncertainties. †
Introduction
Prominent drawbacks of the standard model (SM) are absence of neutrino mass [1] [2] [3] [4] [5] [6] , dark matter (DM) , baryon asymmetry of the universe (BAU) [29] [30] [31] [32] , gauge coupling unification [33] [34] [35] [36] and vacuum stability of the Higgs potential [37, 38] 1 . It is well known that supersymmetric (SUSY) grand unified theories (GUTs) [39] can resolve most of the issues confronting SM but, in the absence of any experimental evidence of SUSY, non-SUSY SO(10) [40] without any flavor symmetry is known to fulfill most of the SM limitations except for a natural resolution of the gauge hierarchy problem which may be reconciled by resorting to fine-tuning to every loop order [41, 42] . An understanding of different fermion families and flavor problem is expected to emerge through a recent realisation of comprehensive unification in SO (18) [43] which is beyond the scope of this work.
Remnants of gauged discrete symmetries such as R-parity in SUSY and matter parity in non-SUSY theories have played crucial roles in determining stability and phenomenology of dark matter [23] [24] [25] [26] [27] [28] . In general if a higher rank gauge theory containing U (1) B−L as one of its subgroups leads to SM gauge theory after spontaneous symmetry breaking, then matter parity (MP) of the SM is conserved as a gauged discrete symmetry Z M P = (−1)
3(B−L) if the Higgs scalar driving the symmetry breaking has B − L = even. Here B(L) stands for baryon (lepton) number [23] [24] [25] [26] 28] . The right-handed Higgs triplet responsible for such spontaneous symmetry breaking is contained in the SO(10) scalar representation 126 H or its conjugate [44, 45] . Then every SO (10) representation is identified with definite value of even or odd Z M P and this matter parity safeguards DM stability. Application of this mechanism has been exploited to predict fermions or scalars as WIMP DM candidates [46, 47] . Gravity induced small violation of R-parity as the coprresponding stabilising gauged discrete symmetry in SUSY theories has been extensively investgated to predict new interesting physical phenomena [27] .
In this work we apply the idea of intrinsic matter parity and its gravity assisted spontaneous breaking to predict the dynamics of decaying dark matter in the minimal chain of non-SUSY SO(10) → SM where neutrino mass is given by the popular type-I seesaw mechanism [48] .
Recent data from IceCube has led to the suggestion that the observed PeV energy neutrinos could be the decay product of massive dark matter [49] which may be fermions or scalars [49, 50] . In one such interesting minimal standard model extension with Majorana fermion singlets proposed quite recently by Rott, Kohri, and Park (RKP) [51] , the high scale canonical seesaw mechanism [48] explains the neutrino masses while the massive dark matter Σ F through its extremely small mixing ( m (mix) ∼ 10 −5 eV ) with heavy degenerate right-handed neutrino (RHν) (N) decays to produce the Higgs boson (h) and the high energy neutrino (ν). The extreme smallness of m (mix) needed to fit the long dark matter lifetime ( τ Σ > 10 28 s ) calls for a deeper theoretical explanation which is not possible within the simple SM extension [51] . As we observe, because of underlying quark-lepton symmetry [52] , the bench mark model proposal of type-I seesaw and single universal RHν-DM mixing with one degenerate heavy RHν mass can not hold in the SO(10) GUT framework without imposing some hitherto unknown flavor symmetry. Also it is well known that one or more intermediate gauge symmetry breakings in SO (10) gives rise to large number of paths and models leading to standard gauge theory. As such, without using any flavor symmetry or intermediate gauge symmetry, in this work we investigate how far the underlying idea of RHν-DM mixing as origin of PeV energy IceCube neutrinos can be realised in the popular non-SUSY SO(10) GUT framework including an understanding of the dynamical origin of mixing, DM mass, vacuum stability of the scalar potential, precision coupling unification and proton lifetime prediction which are not within the purview of the bench mark model [51] .
When the SM is extended with heavy right-handed neutrinos(s) to implement Type-I seesaw mechanism, the arbitrary nature of Dirac neutrino Yukawa couplings may lead to various hierarchical or degenerate form of RHν mass spectra. Although no flavor symmetry has been explicitly mentioned, one common RHν mass M N i = M N (i = 1, 2, 3) = 10 14 GeV for all three flavors and identically equal mixing, m (mix) = 10 −5 eV, has been used in the SM extension under the natural constraint that the DM decays with equal branching ratios to each of three three light neutrino flavors [51] . The equal branching ratio hypothesis for each neutrino flavor in the benchmark model further needs specific constraints on the equality of relevant Dirac neutrino Yukawa matrix elements for different flavors Y ν α,i (α = e, µ, τ ), (i = 1, 2, 3). Such constrained structures of RHν and Dirac neutrino mass matrices may be possible in the SM extension under some imposed external flavor symmetry unspecified in the model [51] . But in the non-SUSY SO(10) framework where no flavor symmetry is usually used, the type-I seesaw based degenerate RHν and the single universal mixing hypothesis with decaying dark matter are not realisable. On the other hand type-I seesaw mechanism in SO(10) predicts the heavy RHν masses to be predominantly hierarchical. The basic underlying reason for such hierarchical heavy RHν masses, as against the degenerate assumption of the RKP model [51] , is the quark-lepton symmetry in SO(10) that predicts Dirac neutrino mass matrix similar to the up-quark mass matrix [52] . Even with such sharp contrast with the bench mark model, in this work we show how the complete dynamics of a massive decaying dark matter that explains PeV energy IceCube neutrinos is predicted by intrinsic matter parity conserving SO(10) with naturally dominant Type-I seesaw mechanism for neutrino masses originating from radically different hierarchical ansatz for Dirac neutrino masses and RHν mass spectra. In particular, we show how the equality of branching ratios of DDM (= Σ F ) decay to three different neutrino flavors determines a separate distinct mixing of decaying dark matter (DDM) with each heavy RHν flavor. On the other hand utilization of one universal mixing with naturally predicted Dirac neutrino mass and hierarchical RHν masses tends to drastically reduce the DM lifetime because of more rapid decay in the other two channels: Σ F → ν e h, and Σ F → ν µ h.
We further show that the derived values of these three mixings can be predicted for different light neutrino mass patterns such as normally hierarchical (NH), invertedly hierarchical (IH), and quasi-degenerate (QD), consistent with oscillation data such that the N i − Σ F mixings can be uniquely fixed once the light neutrino mass hierarchy is known.
Over the years implementation of gravitational effect has been found to be a very efficient mechanisms in breaking all kinds of global symmetries, continuous or discrete [53] [54] [55] [56] [57] [58] [59] without causing cosmological domain wall problem [54, 55, 60] while, at the same time, predicting new interesting physical phenomena such as Majoron as scalar dark matter [56] [57] [58] . Whereas no dynamical explanation has been provided for the origin of N-Σ F mixing [51] , in this work we further show how the three small mixings in our case originate from gravity assisted matter parity discrete symmetry breaking [56, 57] without causing cosmological domain wall problem [54, 55, 60] . We exploit Planck scale or gravity assisted spontaneous breaking of intrinsic matter parity in a manner analogous to R-Parity breaking [56] through the VEV (= V χ ) of the component of a matter parity odd Higgs scalar singlet χ S (1, 0, 1) which occurs naturally in the spinorial Higgs representation 16 H of SO (10) . As the VEV of this real singlet Higgs is noted to be naturally bounded from above by the electroweak VEV, V χ ≤ v ew = 246 GeV, due to the survival of matter parity in the SM down to the electroweak scale, this SO(10) theory leads to the prediction of a new light Higgs scalar singlet with perturbative upper bound on its mass M χ S ≤ 860 GeV. Unlike the standard Higgs that carries even matter parity, this Higgs scalar singlet carries odd matter parity.
Having only the standard Higgs doublet that defines the Higgs potential, the RKP model [51] is also affected by the vacuum instability problem that needs new physics below ∼ 2 × 10 9 GeV [37, 38] . Interestingly, this new Higgs scalar singlet χ S (1, 0, 1) that drives the Planck scale assisted matter parity breaking completes the vacuum stability in the present SO(10) models (Model-I and Model-II). The resolution of vacuum stability then predicts the χ S (1, 0, 1) mass to be M χ S = 178 GeV which is clearly detectable by accelerator searches. After the standard model Higgs discovery at LHC, spontaneous breaking origin of all masses in the Universe has turned out to be a very attractive universal hypothesis. While the standard fermions and gauge bosons get their masses via respective gauge and Yukawa interactions with the standard Higgs doublet, the Higgs origins of nonstandard heavy fermions including RHν, N, and dark matter, Σ F , are not possible within the simple standard model extension alone [51] unless a number of scalar singlets are added. Also like the SM, the RKP model fails to unify gauge couplings. These shortcomings are fulfilled through the present SO(10) model by minimal modification of the grand desert.
On the question of achieving precision gauge coupling unification, we note interesting roles of the Higgs representations 210 H and 126 H , which have been used to break the GUT symmetry and generate neutrino masses. We point out that each of these two are capable of completing the desired gauge coupling unification of the SM separately by minimally populating the grand desert through only one of their respective scalar submultiplets leading to Model-I and Model-II. A specifically new finding of this work is the possibility of new minimally modified grand desert in Model-II where the popular Higgs representation 126 H ⊃ η(3, −1/3, 6) completes precision coupling unification with its mass M η = 10 10.7 GeV. The other minimally modified grand desert model that accommodates this decaying DM phenomenology is Model-I where the intermediate mass of κ(3, 0, 8) ⊂ 210 H achieves precision coupling unification for M κ = 10 9.2 GeV. Although similar coupling unification in Model-I was noted earlier, its connection with decaying DM and generation of Σ F mass and N i −Σ F mixings are new. Furthermore, the vacuum stability of the SM Higgs potential which was absent in the original suggestion is now complete in the presence of new scalar singlet both in Model-I and Model-II.
A number of different intermediate mass Higgs or fermion masses have been found necessary in coupling unification of minimal non-SUSY SU(5) [61, 62] including the interesting realization of type-III seesaw and prediction of like-sign dilepton events at LHC [61] . But each of the two models discussed here has only one Higgs scalar submultiplet η(3, −1/3, 6) ⊂ 126 H or κ(3, 0, 8) ⊂ 210 H that achieves precision coupling unification. Specific roles of these two representations 210 H , 126 H in determining minimal SUSY SO(10) model with 26 parameters in the Lagrangian was pointed out earlier [63] . Although we are dealing with non-SUSY SO(10), the pivotal roles played by each member of the pair is a new property of these two as noted here.
Despite the presence of these two large Higgs representations and the nonstandard fermionic representation 45 F hosting the dark matter, we further predict experimentally accessible proton lifetime predictions in both models with substantially reduced threshold uncertainties compared to many earlier investigations.
In one out of several mixing solutions discussed here, we have emphasized that the corresponding SO(10) model is a self sufficient dynamical theory of decaying dark matter and precision gauge coupling unification as it does not need any externally imposed discrete symmetry for DM stability, or additional Planck-mass fermion singlets for the dynamical explanation of mixings, or additional representation beyond those used for GUT symmetry breaking to complete coupling unification and generate heavy DM mass. We have thus concluded that matter parity violation has been observed at IceCube.
Highlights of new contributions of this work are
• First realization of decaying fermionic dark matter dynamics in non-SUSY SO(10) with type-I seesaw and naturally hierarchical right-handed neutrinos for all types of light neutrino mass hierarchies.
• First determination of RHν-DM mixings from Type-I seesaw, neutrino oscillation data and IceCube neutrino data.
• Explanation of dynamical origin of mixings through Planck-scale assisted spontaneous breaking of intrinsic matter parity and derivation of couplings in the associated renormalizable and non-renormalizable Lagrangians.
• Prediction of experimentally verifiable new Higgs scalar origin of dark matter decay.
• Resolution of the vacuum instability problem of the SM scalar potential through the new light Higgs scalar underlying dark matter dynamics.
• • Experimentally verifiable precision proton lifetime prediction despite the larger Higgs representations 126 H , 210 H and the nonstandard fermions in 45 F .
This paper is organised in the following manner. In Sec.2 we discuss benchmark model briefly. In Sec.3 we embed decaying dark matter in SO(10) with specific discussions on matter parity as intrinsic gauged discrete symmetry. In Sec.4 we derive the RHν-Σ F mixings using type-I seesaw contribution to dark matter decay rate. Dynamical generation of N i − Σ F mixing is discussed in Sec.5 using Planck-scale assisted spontaneous breaking of matter parity. The derivation of renormalizable and non-renormalizable Yukawa couplings of the new matter parity odd light Higgs scalar χ S is derived in Sec.6. Gauge coupling unification in Model-I and Model-II is discussed in Sec.7 while proton lifetime prediction is presented in Sec.8. The prediction of new light Higgs scalar and its impact on the resolution of the vacuum stability problem is discussed in Sec.9. We summarize and conclude in Sec.10. In the Appendix A we present diagonalisation of RHν mass matrices which emerge in our decaying dark matter motivated models. In Appendix B we present evolution of various gauge couplings, top-quark Yukawa and threshold effects.
The Bench Mark Model
For simpler visualisation of the decay process, we present the Feynman diagram of this model in Fig. 1 where the DM Σ F is shown to decay to ν L h. In ref. [51] all the three RH neutrino masses have been assumed to be identical stration of the RKP model only, the mixings of all three RH neutrinos with DM χ (≡ Σ F in our notation) have been assumed to be identical sin
The DM decay predicts neutrino energy nearly equal to half the DM mass E ν ∼ M DM /2. Noting that the high energy neutrino flux is proportional to density ρ (square of density ρ 2 ) for decaying (self annihilating) DM, RKP estimate more than 50% of events to be within 65 o (25 o ) from the galactic centre for decaying (self annihilating) dark matter [51] . The existing perturbative unitarity bound [47] already excludes annihilating WIMP DM masses larger than 100 TeV. Then the observed isotropy of IceCube neutrinos and their large energy lead to the suggestion that they originate from decaying DM of mass > 100 TeV. The other attractive part of the benchmark model is based upon right-handed neutrino (N) extended SM for canonical seesaw which is further extended by the addition of heavy Majorana singlet DM ψ of assumed mass M ψ > M N . In addition a small mixing mass term σ between N and ψ has been assumed. Also all Yukawa interactions of the DM has been neglected. The emerging canonical seesaw formula from SM extension has been assumed in its simple form
where M N represents bare RH neutrino mass matrix and λv ew is the assumed Dirac neutrino mass matrix M D . Suppressing flavor indices of N , the suggested model Lagrangian is
With the assumed constraint on the masses
diagonalization of the 4 × 4 mass matrix in the second term in the RHS of eq.(2) results in the heavy mass eigenvalues,
The mass eigen states are ζ + = cos β N + sin β ψ,
where the mixing angle is expressed as
leads to the suppressed effective coupling constant and the suppressed decay width
Accounting for the observed PeV energy neutrino excess at IceCube requires the DM lifetime [49] 
where N ν = number of produced neutrinos of the same type. Then using M − = 10 6 GeV, eq. (7), and eq.(8) gives a very small value of the mixing parameter
In the benchmark model quasidegenerate light neutrino mass m ν = 0.1 eV is treated to be the result of type-I seesaw mediated by heavy RH neutrino mass M N = 10 14 GeV which are also quasidegenerate. For the DM decay with assumed Dirac neutrino Yukawa coupling λ ∼ 1 for all generations, the three different branching ratios have been also assumed to be equal,
Br.(Σ F → ν ντ h) :: 1 : 1 : 1.
3 Matter Parity in SO (10) and Dark Matter Mass
We confine to the minimal symmetry breaking chain leading to the standard gauge symmetry G 213 operating from GUT scale down to the electroweak scale 
All these components have even matter parity, except for those in 16 H ,16 † H and 16 F which possess odd matter parity.
Being a SM singlet which is also a SU(5) singlet χ S (1, 0, 1) , in principle, can acquire any VEV in the range O(M W ) − O(M U ) without affecting gauge coupling evolution. But being odd under Z M P , conservation of matter parity in the presence of SM constrains this VEV to be at most of order v ew , V χ ≤ v ew = 246 GeV.
Using these results we treat 45 F as Majorana fermionic DM representation for which we use the GUT scale Yukawa Lagrangian [25, 28] 
The SO(10) scalar representation 210 H has three SM singlets in Pati-Salam submultiplets (1, 1, 1), (1, 1, 15) , and (1, 3, 15) . We denote the three VEVs by by V 
It is clear that by fine-tuning the Yukawa coupling h p , the mass parameter M 45 and the VEV V
210 it is easy to predict the dark matter mass M Σ (1, 0, 1) substantially below the GUT scale. Thus using 210 H , the non-standard Higgs origin of DM mass is predicted leading to the mass term
4 Decaying Dark Matter in SO(10) with Type-I Seesaw Dominance 4.1 Seesaw Mechanism with DM and IceCube Neutrinos from SO (10) We have embedded the DM Σ F as a Majorana fermion singlet in 45 F and also derived its mass from non-standard Yukawa interactions of SO (10) . The Yukawa Lagrangian respecting the SM gauge symmetry below the GUT scale can be written as
where, in our notation, N (Σ F ) represent the RH neutrino(DM fermion), φ = the standard Higgs scalar field,φ = iτ 2 φ * , and ∆ L (3, −1, 1) ⊂ 126 H . The mass parameter m (mix) is the analogue of the N − Σ F mixing discussed in Sec.2. Using the Higgs field vacuum expectation value < φ >= v ew / (2) 174.1 GeV, the neutral fermion mass matrix in the (ν, N, Σ F ) basis turns out to be
where M D = the Dirac neutrino mass matrix = Y ν < φ >, Y ν being the Yukawa coupling matrix. The type-II seesaw contribution to neutrino mass has been neglected assuming ∆ L mass at the GUT scale. Here the M N block is a 3 × 3 matrix and m (mix) is a three component row matrix
Diagonalization of the first 2 × 2 block leads to the canonical seesaw formula along with heavy RH neutrino mass eigenvalues
The mass eigen-states areν = cos α ν + sin α N, N = − sin α ν + cos α N,
Similarly, diagonalisation of the second block in eq. (18) 
which gives the heavier (Σ Heavy ) and the lighter (Σ Light ) mass eigen states with respective masses
Σ Heavy = cos β N + sin β Σ F ,
It has been shown in the next section that, in terms of individual RHν states N i and their corresponding mixings m mix i , eq.(25) can be replaced bŷ
It is clear from eq.(23) that the conditions M N i > M N i − M Σ > M Σ are easily satisfied in the canonical seesaw origin for neutrino masses with M N i ∼ 10 9 − 10 15 GeV.
Even if the lightest RHν N 1 is lighter than the PeV scale DM mass we note that a similar formula for mixing is also valid tan 2β 1 2m
Determination of RHν Masses
SO(10) has Pati-Salam symmetry SU (4) C at GUT scale. As such it predicts Dirac neutrino mass matrix similar to the up-quark mass matrix. This makes Dirac neutrino Yukawa couplings and type-I seesaw prediction of RH neutrino masses predominantly hierarchical. This is the reason why the simplified picture of seesaw adopted in [51] with SM extension is not applicable in SO(10). Here we derive all the three RHν masses by fitting the type-I seesaw formula with most recent neutrino oscillation data [1] [2] [3] [4] [5] . At first we choose a certain hierarchy (NH/IH/QD) of light neutrino masses. Assuming numerical value of one of the mass eigenvalues, the other two are computed using best fit value of mass squared differences as shown in Table 7 of Appendix 11. The mixing matrix U PMNS 2 , is then constructed according to PDG convention [64] [65] [66] with best fit values of mixing angles (θ 12 , θ 23 , θ 13 ) and Dirac CP phase (δ). Armed with mass eigenvalues and mixing matrix, it is now easy to obtain the effective light neutrino mass matrix m ν
Again as we are dealing with Type-I seesaw dominated scenario, the effective light neutrino mass matrix can be written as
from which the RHν mass matrix can be estimated as
Thus M N can be calculated if numerical values of M D and m ν are already known to us. For this purpose we determine the Dirac neutrino mass matrix using up-quark and down-quark diagonal basis respectively at the GUT scale M U ∼ 10 15 GeV. They are given by 
It is to be noted that for calculation of any physical process involving RHν (such as decay of N to ν α , h) we have to go to the physical basis or mass basis of the RHνs. But even after diagonalising M N with V P matrix the resulting diagonal matrix (M N ) may contain complex entries. If all three diagonal elements are complex, one of them can be made real by taking out its phase which can be treated as the unphysical phase. The remaining phase parameters in the other two elements are nothing but Majorana phases which can be absorbed in the V P matrix. In this way we can get real right handed neutrino masses and the corresponding total diagonalisation matrix V P with Majorana phases included in it.
This whole exercise is repeated for each hierarchy (NH, IH, QD1, QD2) of light neutrinos taking into account both u-quark and d-quark diagonal basis. Thus, as a whole, we have analysed eight cases. The diagonalising matrix and the mass eigenvalues of the RHνs are presented systematically in Appendix 11.
Different N i − Σ F Mixings
We now consider the mixing of the fermionic dark matter Σ F with the RHν N i (i = 1, 2, 3). The Majorana type mixing term between them is given by
where M is a 4 × 4 matrix and N contains three RHν fields given by
The explicit form of M is given by
where m (mix) is a column matrix with three entries:
As discussed in the previous section, complex symmetric M N matrix, can be diagonalised by 3 × 3 unitary V P matrix. Then we assume the 4 × 4 M matrix to be block diagonalised by unitary 4 × 4 V P matrix
Thus, after block diagonalisation, we are left with
For full diagonalisation the above matrix (36) has to be rotated again by a matrix V S which can be represented as a combination of four rotation matrices as
For small values of β i , V S can be presented to a good approximation as
Thus we can say that the M matrix is fully diagonalised through a two step rotation (first by V P followed by V S ) and the total diagonalisation matrix is
It should be noted that the physical or diagonal basis of these heavy fermionic fields are obtained by multiplying (V N ) * 3 matrix with the flavor basis states (N Σ F ).
Determination of Mixing Parameters
Using the three constraint equations for the three partial branching ratios of the DM decay Σ F → ν α +h(α = e, µ, τ ), we now determine the mixing parameters m mix i (i = 1, 2, 3). Equality of three branching ratios imply
This is actually a set of three equations (for α = e, µ, τ ) each of which contains three unknown parameters m mix i (i = 1, 2, 3). The common decay width Γ in the RHS of the above equation is the inverse of life time (τ Σ ) of the dark matter particle Σ F (τ Σ ∼ 10 28 sec) which is much greater than the life time of Universe. These three equations in eq. (39) are then solved simultaneously to get the values of the unknown mixing parameters which in turn produces equal branching ratio of the decay of DM to each neutrino flavor. Following the same methodology we calculate these mixing parameters for the previously mentioned eight cases (NH, IH, QD1, QD2) with u-quark diagonal basis and d-quark diagonal basis. The results are presented in a concise manner in Table 1 and Table 2 .
Solving eq. (39) we find the three mixing parameters for the normally hierarchical (NH) pattern of light neutrino masses
Out of these, the first two are of the same order but the third is 4 orders larger than each of them and nearly 50 times larger than the value derived in the bench mark model. Thus we have successfully derived the three different mixings the decaying dark matter is predicted to possess with the three hierarchical RHνs of non-SUSY SO(10) GUT that gives type-I seesaw ansatz for light neutrino masses. We have also solved for the RHν mass and mixing parameter spectra using neutrino oscillation data in the cases of quasi-degenerate (QD) and the inverted hierarchical (IH) light neutrino mass patterns. For the QD type solutions we have chosen one set of light neutrino masses, QD1, which satisfy the recent cosmological bound [32] and another set, QD2, expected to be reachable by Katrin experiment [67] . 
The QD2 choice may need priors in addition to cosmological bound. Thus we have found that realistic Type-I seesaw dominance in SO(10) that fits the neutrino oscillation data and the IceCube data results in substantially different predictions on the RHν mass and mixing spectra compared to the simplistic assumptions of the SM extension [51] . This holds true for Dirac neutrino masses evaluated in both the up-quark or the down-quark diagonal basis. For a given light neutrino mass pattern, NH, IH, or QD, clearly there are three distinct values of N i -Σ F mixings consistent with IceCube neutrino data and the natural hypothesis that Σ F decays with equal probability to each light neutrino flavor. Whereas benchmark model holds for QD type neutrino mass hierarchy in the SM extension with the stated valuem ν i = 0.1 eV with a universal heavy mass M N = 10 14 GeV, our SO(10) ansatz matches with all types of light neutrino mass hierarchies and predominantly hierarchical M N i values covering the range 10 4 − 10 15 GeV.
Dynamical Generation of RHν-DM Mixing
In the following section we explore theoretical origin of N i − Σ F mixings derived in the previous section using neutrino oscillation data and IceCube neutrino data. For convenience we (30)). choose solutions derived in the up-quark diagonal basis and for other cases similar derivations apply. As the intrinsic matter parities of Σ F ⊂ 45 F and RHν N i ⊂ 16 F i are even and odd, respectively, their mixing is possible if this gauged discrete symmetry is broken explicitly or spontaneously. The usual mechanisms of breaking a discrete symmetry, which might be an intrinsic gauged discrete symmetry of the theory or externally imposed upon it, are known to result in cosmological domain wall problem. A natural resolution of the domain wall problem emerges if the discrete symmetry breaking is assisted by gravity or Planck scale [53] [54] [55] [56] [57] 68] .
In particular, because of the redundancy of parameters of local gauge transformation, the Planck-scale assisted symmetry breaking has been noted to be more effective if the discrete symmetry is an intrinsic gauged discrete symmetry of the theory [53] [54] [55] [56] and the matter parity in our model being a gauged discrete symmetry ideally matches with this situation. The purpose of this section is to discuss the possibility of different renormalizable and nonrenormalizable interactions for the Planck scale assisted matter parity breaking that gives rise to the extremely small values of the mixings.
Planck-Scale Assisted RHν-DM Mixing
In Sec. 3 we have shown how the non-standard Yukawa interaction in SO(10) has the capability to predict the DM (Σ F ) mass. We show how the matter parity conserving SO(10) model that predicts type-I seesaw dominance as well as its high scale, also predicts the extremely small value of N i − Σ F mixing through Planck-scale assisted matter parity breaking. We assign the decaying singlet fermion DM Σ F (1, 0, 1) to the nonstandard fermionic representation 45 F which has even matter parity. Similarly the RHν being in the spinorial representation 16 F possesses odd matter parity. Therefore, as the N Σ F fermion bilinear has odd matter parity, any mass-dimensioned coefficient of this term can not be generated without breaking matter parity. As the generation of this discrete symmetry breaking, either softly or spontaneously, leads to the well known domain wall problem, in this work we follow the idea that the cosmologically safe matter parity breaking can be achieved by Planck scale effects [53] [54] [55] [56] .
We assume the presence of a SO (10) 
In the present model, the added presence of the SO(10) singlet N of Planck mass also permits the SO(10) invariant Higgs fermion interaction
where the SM scalar singlet S H ⊂ 45 H that has even matter parity can acquire VEV
Thus the Planck scale assisted matter parity breaking mechanism can be visualised to originate from a seesaw type Feynman diagram shown in Fig.2 4 . In Fig.2 we have also used the Yukawa interaction f 16 F .16 
It is clear that wide range of values of the explicit matter parity breaking parameter m Br i in m Br i N i N triggers the N i − Σ F mixings reported in Sec. 4. We further note that keeping matter parity conservation of the SM gauge symmetry, it is possible to assign any VEV to
In what follows we show how the extremely small value of N i − Σ F mixings are realized by Planck-scale assisted spontaneous breaking of matter parity via renormalizable and nonrenormalizable interactions. can be assigned its spontaneous symmetry breaking origin through the VEV V χ of the Higgs scalar singlet χ S (1, 0, 1) ⊂ 16 † H which is also a singlet under SU(5) and SM gauge theories. As it carries odd matter parity, the conservation of matter parity of SM down to the electroweak scale is ensured only if V χ ≤ O(v ew ) = 246 GeV. For the purpose of this work the scalar singlet χ S (1, 0, 1) is treated to be real 5 .
In Fig. 3 we have shown how the N-N mixing is generated through the electroweak scale VEV < χ S >= V χ ∼ O(M w ) which breaks matter parity spontaneously alone via the SO(10) invariant gauge interaction term Y χ 16 F .1 F .16 † H . Here Y χ is the associated Yukawa coupling. The SM gauge symmetry breaks in the usual manner through the VEV of the standard Higgs doublet φ ⊂ 10 H that carries even matter parity with VEV v φ = v ew = 246 GeV. This gives 5 With the SO(10) invariant piece of the Higgs potential
where µ∆ ∼ MU a straight forward derivation shows that either the real or the imaginary part of the desired scalar singlet in 16H can be finetuned to remain as light as possible while keeping the other near the GUT scale MU . 
Through Nonrenormalizable N-N Interaction
The RHν and the SO(10) singlet fermion N may also have a Planck scale mediated nonrenormalizable interaction through a dim.5 operator which requires the introduction of a SO(10)
Feynman diagram for this interaction and the corresponding seesaw mechanism is shown in Fig.4 . Figure 4 : Nonrenormalizable N-N interaction contributing to Planck-scale assisted matter parity breaking. Here S is a SO(10) singlet scalar.
Noting that V S , the VEV of S , can be anywhere above the electroweak scale, eq. (47) gives
Using V χ ∼ 100 GeV, M P lanck = 10 19 GeV, and V S = 10 8 − 10 19 GeV this predicts a wide range of values of m Br i = 1 eV − 100 GeV. Through this mechanism we have shown that small values of matter parity breaking parameter m Br i ∼ 1 eV are also realizable even though V χ ∼ v ew . The smallness of m Br i in this case is a result of Planck-scale suppression as well as the SM matter parity restricted smaller value of V χ .
Direct Nonrenormalizable N − Σ F interaction
Noting that breaking matter parity as gauged discrete symmetry essentially needs assistance from gravity or Planck scale effects [53] [54] [55] [56] we introduce the following, dim.5 operator scaled by
where the constant C G i 1. Even though this nonrenormalizable interaction results by integrating out N that mediates the Feynman diagram of Fig.2 , it is possible to write down eq. (49) Figure 5 : Nonrenormalizable N-Σ F interaction contributing to Planck-scale assisted matter parity breaking. Here S H is a SM singlet scalar in 45 H .
We emphasize that the underlying mechanism of matter parity breaking that requires Planck scale assistance [56] plays a crucial role in providing a natural explanation of N-Σ F mixing. Without such gravity or Planck scale effects [56] , direct breaking of matter parity would give rise to cosmological domain wall problem [54, 55] .
Determination of Renormalizable and Non-Renormalizable Couplings
Our dynamical explanation of N i − Σ F mixings would be complete by estimating the relevant couplings of different interaction Lagrangians discussed above which is undertaken in this section. We have shown that single and double Planck-scale suppression can occur leading to extremely small mixings between each of the three heavy RH neutrinos N i ⊂ 16
F (i = 1, 2, 3) and the decaying DM Σ F ⊂ 45 F . We now estimate different Yukawa couplings of RHν of three generations which give such mixings.
Renormalizable Solutions with Domain Wall Problem
Denoting the renormalizable Yukawa interaction of χ S with N i (i = 1, 2, 3) through
and using V χ ≤ v ew we can estimate the limiting values of Yukawa couplings for three generations for each case of solutions given in eq. (51) Integrating out all the relevant heavy fields in Fig.2 , and Fig.3 we derive expression for effective mixing and Yukawa couplings due to Planck-scale suppression.
In the NH case this leads to
where in deriving the last step we have used y 
Then for the NH case using y 45 1, V H = V S = 10 15 GeV we get
In this case there will be no additional Higgs scalar singlets of intermediate mass except for the light χ s discussed in Sec.9.
(c) Effective Nonrenormalizable Coupling Without Fermion Singlet N
We have shown in Sec.5 that extremely small mixings can be generated by non-renormalisable dim.5 interaction. As discussed above, replacing N → N i in Fig. 2 and correspondingly C G → C G i as in eq. (49) we get in the NH case
where the equality holds for V χ = v ew . As already noted, an interesting outcome of this estimation is that the present SO(10) theory is not only free from invoking any external discrete symmetry for DM stability, but also it does not need any Planck mass singlet fermion N as in the case (a) and case (b) discussed above to achieve domain-wall free cosmologically acceptable matter parity breaking through Planck-scale suppressed dim.5 operator of eq. (49) . Different allowed values of couplings without the cosmological domain wall problem are summarized in Table 3 as the class of "NO" solutions. , C G i ) solutions for χ S Yukawa couplings in the presence (labeled as "YES") and absence (labeled as " NO") of cosmological domain wall problem all of which predict the three N i − Σ F mixings for the NH type light neutrino masses in the up-quark diagonal basis given in Table 1 . The VEV of the scalar singlet has been fixed at its upper limit V χ = v ew = 246 GeV. For lower allowed values of this VEV V χ < v ew , these couplings are enhanced by the scaling factor v rmew /V χ .
Domain Wall Coupling
It is interesting to note that Type-I seesaw dominance in matter parity conserving SO(10) predicts decaying dark matter dynamics most generally by accommodating all the three different types of light neutrino mass hierarchies and even satisfying cosmological bound without or with priors in the QD cases. The QD2 type solutions predict neutrinoless double beta decay rate close to the current experimental limits. In the case of mixings solutions presented for IH, QD1, and QD2 type of mass hierarchies and also for down-quark diagonal basis, the corresponding Yukawa couplings can be estimated following the same procedure. Once the light neutrino mass hierarchy is determined in future, most of these Yukawa coupling predictions would converge only to two alternative sets corresponding to up-quark or down-quark diagonal bases. On the other hand if NH or IH type hierarchy is confirmed, then the benchmark model solutions would be either ruled out or revised.
Gauge Coupling Unification
As pointed out in previous sections, two Higgs representations 210 H , 126 H have been shown to define a SUSY SO(10) GUT model [63] with minimal number of 26 parameters. In this section we show that in the direct non-SUSY SO(10) breaking to SM driven by these two representations, either 210 H or 126 H is capable of supplying just one scalar submultiplet of intermediate mass to complete minimal modification of the grand desert as discussed below in case of Model-I and Model-II.
Unification in the Minimal Model-I
It is interesting to see how the present minimal model generating DM mass gives rise to gauge coupling unification of the standard gauge theory by exercising utmost economy on the choice of lighter fields to populate the grand desert by just one nonstandard scalar submultiplet κ(3, 0, 8) ⊂ 210 H . Although such type of model was suggested briefly for coupling unification [69] , the input parameters used at that time were not as accurate as available now [64] [65] [66] α S (M Z ) = 0.1182 ± 0.0005,
Further there were no neutrino oscillation data or information on dark matter available at that time to establish natural high scale type-I seesaw dominance in this model. Also no connection with matter parity conservation, or DM candidates or their masses were discussed in the GUT framework. Neither was there any justification in favour of 210 H as the mediator of nonstandard Yukawa origin of decaying DM mass. The choice of κ(3, 0, 8) at intermediate scale was purely from curiosity to achieve unification. The experimental bound on proton lifetime has increased almost by more than one order over the years from 1993 till date that calls for estimation of uncertainties in the model predictions accurately. Apart from embedding the IceCube DM, our other motivation is to see how far the present grand unification framework can be constrained by the ongoing search experiments on proton lifetime in near future [70] . It is quite interesting to note that the DM fermion representation 45 F which has given prominent threshold effects elsewhere [28] has exactly vanishing contribution in the present case (Model-I). In addition, in this work we have estimated GUT threshold effects under partially degenerate assumption which states that the superheavy masses belonging to the same SO (10) representation are degenerate in masses [71, 72] . We find that under this constraint, an attractive region of parameter space requires the inclusion of threshold effects of superheavy gauge bosons in the adjoint representation 45 V with their masses only few times different from M 0 U [73] . We found in Sec.3 that the Higgs representation 210 H plays two crucial roles in the GUT symmetry breaking as well as generating the desired dark matter mass that decays to produce PeV energy IceCube neutrinos. We fine tune the parameters of the GUT scale Lagrangian in such a way that only the mass of component κ(3, 0, 8) ⊂ 210 H is substantially lighter than the GUT scale while keeping all other superheavy component masses of 210 H near the GUT scale.
Using the contributions of SM particles and the scalar κ(3, 0, 8) though the renormalization group (RG) equations [74] , the unification of gauge couplings is shown in Fig. 6 . 
The quantity +0.0446 in the exponent is due to the matching of the SM coupling constants at the GUT scale that occurs even if all the superheavy particle masses are exactly degenerate with M 0 U [73, [75] [76] [77] [78] . It is clear from the 
Proton Lifetime Prediction

Decay Rate
Currently the measured value on the lower limit of the proton life time for the decay modes p → e + π 0 and p → µ + π 0 are [79, 80] 
We investigate our model capabilities to account for this lower limit.
Analytic Formulas for Decay Width
Including strong and electroweak renormalization effects on the d = 6 operator and taking into account quark mixing, chiral symmetry breaking effects, and lattice gauge theory estimations, the decay rates are [81] [82] [83] [84] ,
where
for SO(10), V ud = 0.974 = the (1, 1) element of V CKM for quark mixings, and A SL (A SR ) is the shortdistance renormalization factor in the left (right) sectors. In eq.(61) A L = 1.25 = long distance renormalization factor but A SL A SR = 2.542. These are numerically estimated by evolving the dim.6 operator for proton decay by using the anomalous dimensions of ref. [82] and the beta function coefficients for gauge couplings of this model. In eq.(61) M U = degenerate mass of superheavy gauge bosons,ᾱ H = hadronic matrix elements, m p =proton mass = 938.3 MeV, f π = pion decay constant = 139 MeV, and the chiral Lagrangian parameters are D = 0.81 and F = 0.47. With α H =ᾱ H (1 + D + F ) = 0.012 GeV 3 estimated from lattice gauge theory computations [85, 86] , we obtain A R A L A SL A L A SR 2.726 and the expression for the inverse decay rate is
where the GUT-fine structure constant α G = 0.0263 and the factor F q = 2(1 + |V ud | 2 ) 2 7.6 have been used for SO (10) . This formula has the same form as given in [81] .
Analytic Formula for Threshold Effects
In the single step breaking models discussed in this work, GUT threshold effects due to superheavy degrees of freedom in different SO (10) representations are expected sources of major uncertainties on unification scale and proton lifetime prediction. The underlying origin of threshold effects due to smaller quantum corrections proposed in [75] [76] [77] has been also addressed in SO(10) [71] [72] [73] , and more recently in [28] . Details have been also given in the Appendix which yield the following corrections arising from different superheavy particles in the loops. Further we have estimated the threshold uncertainties following the partially degenerate assumption introduced in [71, 72, 87] which states that the superheavy components belonging to the same GUT representation are degenerate with the same superheavy scale around M U . A new expected source of threshold uncertainty is due to fermion representation 45 F . In Model-I and Model-II discussed here, we investigate possible cancellations in reducing threshold uncertainties.
Noting that the superheavy scalars, fermions, and gauge bosons contribute through small log evolutions and defining η j = log 10 (M j /M U ), we have the following formula for GUT threshold effects [64] [65] [66] given in eq. (57) . Other contributions represent superheavy particle contributions from respective representations associated with spontaneous symmetry breaking of gauge symmetries and also in the generation of DM mass including its mixing with RHν.
As shown in Appendix we have derived threshold corrections by providing the longitudinal modes of superheavy gauge bosons from 210 H and 126 H . The relevant superheavy components of scalars can be found from representations given in Table 8 . The decompositions of 54 H whose VEV contributes to DM or color octet fermion mass through eq.(15) has been skipped from Table 8 as its nonsinglet components give vanishing threshold effects in Model-I and Model-II. GUT threshold effects due to 45 H whose SM singlet component S H enters into all the Feynman diagrams of Sec.4 can be estimated from the decomposition given for 45 F but using the small log evolution formula for scalars given in the Appendix. Similarly superheavy gauge boson threshold effects have been estimated in Model-I and Model-II.
Predictions in the Minimal Model-I
In this case our estimated values of coefficients occurring in eq. (63) 
The coefficients C (16) , C (45) , and C F due to superheavy components of Higgs representations 16 H , 45 H and the fermion representation 45 F in the partially degenerate case vanish [71, 73, [75] [76] [77] 87] . The estimated GUT scale in the partially degenerate case turns out to be
This leads to the proton lifetime τ SO (10) Table 4 for different splitting factors of superheavy masses. 
Predictions in the Minimal Model-II
In this case the coefficients of eq. (63) 
With the partially degenerate assumption that the superheavy masses of different components of a given SO(10) representation have separately degenerate masses, or with the complete degeneracy assumption of identical masses for all superheavy scalars, maximising the threshold uncertainties gives the following results.
Lifetime with Partially Degenerate Superheavy Scalar
In this case predictions on proton lifetime are presented in Table 5 . Including uncertainty due to input parameters and assuming all superheavy fermion and gauge boson masses identical to M U , we find that this model predicts proton lifetime up to 3 × 10 34±0.58 yrs (8 × 10 34±0.58 yrs) for degenerate (partially degenerate) superheavy scalar masses which is accessible to ongoing proton decay searches.
Vacuum Stability of the Scalar Potential
While explaining dynamical origin of N i − Σ F mixings, we have found that Planck-scale assisted spontaneous symmetry breaking provides an attractive mechanism through the smaller VEV V χ ≤ v ew of a matter parity odd Higgs singlet naturally present in the Higgs representation 16 † H of SO (10) . Because of its order v ew VEV, this Higgs scalar is predicted to be light with perturbative upper bound on its mass ≤ 860 GeV. We discuss below how such a nonstandard Higgs singlet scalar resolves the issue of vacuum instability in Model-I and Model-II discussed in the previous sections. It is well known that the SM Higgs potential 6
develops instability due to radiative corrections as the quartic coupling becomes negative for larger values of the Higgs field Λ I ∼ |φ| ≥ 2 × 10 9 GeV. One popular solution to this vacuum instability has been suggested through the introduction of additional scalar field(s) of mass below the instability scale Λ I [37, 38, 88] . These may be scalar singlet candidates corresponding to WIMP [89] [90] [91] [92] or decaying scalar DM manifesting through PeV scale IceCube neutrinos [49, 50] .
We have shown in Sec.5 that dynamical origin of N i − Σ F mixings predicts a non-standard Higgs scalar singlet χ S (1, 0, 1) with VEV V χ ≤ v ew = 246 GeV. To examine how the presence of this χ S affects the evolution of the standard Higgs quartic coupling, we consider additional contributions to V SM due to χ S field modified scalar potential in the presence of φ and χ S
After using the minimization conditions for both scalar fields φ and χ S , the entire potential V = V SM + V φ−χ can be written in a convenient form
where V χ is the VEV of the newly added scalar singlet. For λ φ , λ χ > 0 and λ 2 φχ < λ φ λ χ , the minimum for the total potential in eq. (72) is given by
To know about the high scale behavior of the Higgs quartic coupling (λ φ ) we have to solve its renormalization group (RG) equation which has been modified due to addition of the singlet scalar field (χ S ). Actually the RG equation of λ φ is a coupled first order differential equation which involves the quartic coupling of the singlet scalar (λ χ ), the coupling of the interaction term (λ φχ ), the gauge couplings (g 2L , g 1Y , g 3C ) and dominant Yukawa coupling h t due to the top quark. We have considered one loop RG equations for the scalar quartic couplings shown 6 It is to be noted that adding a constant term to the potential and using the minimization condition
ew , the potential can be rewritten in a convenient form as
2 where we have omitted the constant term which does not affect the equation motions. It is evident from the above expression of potential that the minimum is at
below. Two loop equations for gauge couplings and top quark Yukawa coupling are discussed in Appendix B of Sec.12.
As in our Model-I and Model-II, the Dirac neutrino mass matrix has been assumed to be same as that of the up quark mass matrix and the most dominant contribution affecting RG evolution of λ φ (µ) for mass scales µ > M 
Vacuum Stability with Spontaneously Broken Matter Parity
We now show how the presence of the Higgs scalar singlet χ S (1, 0, 1) ⊂ (16 † H ⊕ 16 H ) carrying odd matter parity and having perturbative mass upper bound M χ S < 860 GeV, which has been predicted to explain the dynamical origin of extremely small value of the N-Σ F mixings, resolves the issue of vacuum instability of the SM Higgs potential.
Higgs Doublet-Singlet Mixing and LHC Constraints
It is clear from the expression of the potential (eq. (72) ) that the ordinary SM scalar doublet (φ) and the newly introduced scalar singlet (χ S ) mix through the λ φχ term due to which their masses also get modified little bit. Now our primary task is to diagonalize the mass matrix of the scalars which enables us to find the mass eigenvalues of the SM Higgs like state, singlet like state and the mixing angle between them. The mass of the SM Higgs like state is around 125 GeV where as that of the singlet like state is unknown. We have to analyze the phenomenological implications of this singlet scalar at LHC. Before using a certain value of the mixing angle and mass of the new scalar in our RG running analysis, we have to check the compatibility of our chosen set with present LHC data.
The mass matrix of the two scalars in (φ, χ) basis can be derived from the expression of the potential in eq.(72)
Without any approximation this matrix is diagonalized with the 2 dimensional orthogonal rotation matrix and the mixing angle turns out to be
Denoting the mass eigenvalue of the SM Higgs like state as m 1 and singlet scalar like state as m 2 , we have states are
Among 8 parameters in the set (m 1 , m 2 , λ φ , λ χ , λ φχ , v eW , V χ , θ) only two are known: the SM Higgs mass m 1 ∼ 125 GeV, and the SM VEV v ew = 246 GeV. Matter parity conservation down to the electroweak scale introduces a upper limit on VEV of χ S , V χ ≤ v ew = 246 GeV. The other parameters are constrained from different measurements performed at LHC [88] 7 . We now discuss briefly about the experimental constraints on singlet scalar mixing parameters quoted above. In this model the constraints come from three different kinds of measurements: (i) Electroweak precision data, (ii) Higgs coupling measurements, and (iii) Different searches for a Higgs like scalar.
In the model under consideration, the electroweak observables are mainly modified due to the new one loop contributions to the W and Z propagators. These new contributions arise due to (i) loop diagram with the singlet scalar, (ii) modification of the coupling of the SM Higgs with the gauge bosons. Incorporating those corrections the shifts in the electroweak parameters are calculated. A global χ 2 8 analysis can be carried out to get a exclusion plot for m 2 vs θ. Sizable constraint comes for m 2 ≤ 60 GeV and m 2 ≥ 170 GeV and strongest limit is obtained when m 2 ≥ 450 GeV.
The presence of the singlet scalar or in other words the mixing between the newly added singlet scalar with the ordinary SM Higgs, modifies the coupling of the SM Higgs with other fermions and gauge bosons. Again these couplings are involved in computations of several decay widths which are observable at LHC. Taking only γγ or 4l as final states and with the consideration that singlet scalar mass is outside [120 − 130] GeV a combined constraint on the singlet mass and mixing angle θ is obtained as sin θ < 0.44 at 95% CL (77) for
When m 2 becomes smaller than m 1 /2, then the decay channel φ → χ S χ S opens up leading to a stringent bound on θ which is strongly dependent on the coupling responsible for φ, χ S mixing i.e, λ φχ . It has been observed that for larger values of λ φχ almost whole m 2 − θ parameter space is ruled out. 7 The analysis of Ref. [88] has been carried out for a real singlet scalar which has portal interaction with standard Higgs. In our case all the analyses carried out in the previous sections hold true also with real χS. Since the singlet χH contained in 16H or 16 † H is complex, in this section we identify real part of χH as the light real scalar singlet χS = χ R H . We have checked that spontaneous symmetry breakings in the present SO(10) models (Model-I and Model-II), each containing both sets of fields 210H ,45H , 126H , 16H and the conjugates 126 † H , 16 † H , permit finetuning with only χS(1, 0, 1) = χ R H near the electroweak scale. 8 The χ 2 is a function of scalar singlet mass, mixing angle between scalar singlet and SM doublet and other known parameters of SM Similar kinds of constraints on m 2 − θ parameter space can be obtained from search of different possible direct decay channels of the singlet state.
A combined exclusion plot for m 2 − θ parameter space can be drawn taking into account all three types of measurements discussed above. A complete analysis and the corresponding exclusion plot can be found in Ref. [88] . It is to be noted that for m 2 = (10 − 250) GeV 9 | sin θ| < 0.1 is allowed for any value of m 2 within these limits whereas higher values of the mixing angle (θ) are permissible in few pockets of mass ranges of which the regime relevant to our analysis is m 2 = (160 − 180) GeV with | sin θ| < 0.4.
In our actual numerical analysis we vary the unknown quartic couplings (λ φ , λ χ , λ φχ ) over a wide range of values (0.001 − 0.1). The VEV of χ S (V χ ) is varied from a small value upto 246 GeV, whereas that of φ (v ew ) is kept fixed at 246 GeV and mass of the SM Higgs like state is taken to be around 125 GeV. The highest allowed value of θ is different for different value of the mass eigenvalue m 2 . This upper bound on θ is chosen from Fig.3 of Ref [88] and utilised appropriately for different values of the scalar singlet mass in our numerical analysis. For each allowed set of parameters (m 1 , m 2 , λ φ , λ χ , λ φχ , v, V χ S , θ) we analyze vacuum stability and perturbativity of the quartic couplings upto the Planck scale. After repeating this exercise for replica of many such sets, it is found that the couplings loose their perturbativity much before the Planck scale if we take the initial value of λ χ ≥ 0.3. The problem of vacuum stability is not cured unless we take electroweak scale value of λ φχ ≥ 0.034. To satisfy these Table 6 : Values of quartic couplings, VEVs, mixing angle, SM Higgs mass (m 1 ) and scalar singlet χ S mass (m 2 ) at electroweak scale consistent with experimental constraints which predict vacuum stability. two conditions simultaneously we have to allow | sin θ| ≥ 0.3 and from Fig.3 of [88] , it is clear that this value of mixing angle is only allowed in the mass range (160 < m 2 < 180) GeV. The resolution for vacuum stability problem using one such set of parameters (as given in the Table 6 ) is shown in Fig.8 where we have also included the contribution of the Dirac neutrino Yukawa matrix which is shown by dotted lines. For SM extension with type-I seesaw extension Dirac neutrino Yukawa effect is shown at 10 14 GeV as would be applicable to the bench mark model [51] which has been identified as the curve RKP in Fig.8 . Our model predictions of quartic coupling shown as the upper curve in this figure naturally includes the Dirac neutrino Yukawa affecting the RG evolution for µ > 10 15 GeV. As shown in Fig.8 , the SM vacuum is indeed stable upto Planck scale when supplemented by modifications due to h − χ S mixing even after Dirac neutrino Yukawa corrections are included. The desired quartic coupling also lies well below the perturbative limit. It is pertinent to point out that vacuum stability in SO (10) out through a WIMP scalar DM near TeV scale [26] . In a different interesting approach, the imaginary part of a complex scalar field whose real part generates heavy RHν mass for type-I seesaw has been treated as the source of IceCube neutrinos [50] . A number of other models have been also suggested for IceCube neutrino events [49] . In our present model WIMP DM as matter parity even non-standard Majorana fermionic singlet originating from 45 F of SO (10) is also easily accommodated in addition to the PeV scale decaying DM discussed here ensuring coupling unification and verifiable proton lifetime.
Summary and Conclusion
In this work we have suggested SO(10) theory with extremely small violation of its intrinsic matter pariity as the underlying physics of decaying Majorana fermion dark matter that manifests as PeV scale high energy neutrino flux at IceCube. Since the Dirac neutrino Yukawa couplings in SO (10) are as hierarchical as the up-quark Yukawa couplings, leading to predominantly and naturally hierarchical RHν masses through type-I seesaw, we have noted that the constraint of equal branching ratio of DM decay to every neutrino flavor can never be achieved with one common mixing as proposed in the benchmark model of extended SM with one common heavy RHν mass [51] . Despite such diversities, we have shown here that dark matter decay operates with separate distinct mixing with each of the RHνs. We have determined these three mixings for the first time by solving the underlying constraint relations on DM decay to three different neutrino flavors. The patterns of these three mixings are also found to depend upon the light neutrino mass hierarchy such as NH, IH or QD. In the SM extension [51] , the RHνs and the DM fermion Σ F are externally added singlets with their assumed bare masses having no Higgs origins. Whereas in SO(10) models the RHν is a member of matter unified spinorial representation 16 F of odd matter parity, we have identified the decaying DM Σ F to be a Majorana fermion singlet of even matter parity contained in 45 F of SO (10) . Whereas the Higgs origin of RHν is well known in SO(10), we have shown how the Σ F mass is predicted through matter parity conserving Higgs Yukawa interaction involving 210 H that drives GUT symmetry breaking in both the minimal models suggested here: Model-I and Model-II.
The direct breaking of SO (10) to SM predicts type-I seesaw dominance over type-II seesaw through a mild fine tuning of 126 † Yukawa coupling which is also corroborated by the neutrino oscillation data and the underlying quark-lepton symmetry of SO (10) .
The deeper theoretical origin of extremely small N i − Σ F mixings is suggested in this work to be due to Planck-scale assisted intrinsic matter parity discrete symmetry breaking which is most desired for the resolution of the associated cosmological domain wall problem. The spontaneous origin of this breaking is also modeled to occur due to the bounded vacuum expectation value, V χ ≤ v ew = 246 GeV, of a matter-parity odd scalar singlet χ S (1, 0, 1). As a result, we predict a light Higgs scalar singlet of perturbative mass bound M χ S ≤ 860 GeV accessible to experimental searches at LHC and planned accelerators. The renormalizable and non-renormalizable values of different Yukawa couplings of χ S underlying the small mixings have been explicitly derived by us for NH type light neutrino masses and the method can be used to predict the corresponding sets of values for other hierarchies like QD and IH. Interestingly, we have also shown how the mixings can be dynamically generated through a dim.5 operator but without using a Planck-mass fermion singlet N . Whereas the SM extended model [51] rests upon the QD type light neutrino masses and is likely to be severely constrained if other types of hierarchies such as NH or IH are established in future, our SO (10) ansatz fits all types of mass hierarchies. Once the light neutrino mass hierarchy is established, this analysis will fix the associated Yukawa coupling matrix needed to explain the origin of
Quite interestingly, we have further shown that this light Higgs scalar χ S , besides generating the spontaneous breaking origin of decaying dark matter mixings with N i , also resolves the issue of vacuum stability that persists in the SM and its extension [51] .
We have also shown that this theory of decaying dark matter in SO(10) predicts two different minimal modifications of the grand desert through Model-I and Model-II which achieve precision gauge coupling unification with vacuum stability of the SM in each case which are absent in the bench mark model. In Model-I the presence of the scalar component κ(3, 0, 8) ⊂ 210 H of mass M κ = 10 9.23 GeV in the grand desert achieves precision unification at M 0 U = 10 15.224 GeV. This representation 210 H also provides the Higgs origin of the Σ F mass in addition to driving the direct breaking of SO(10) to SM. Although only an incomplete and limited unification aspect of this grand desert modification as in Model-I was noted earlier in 1993, the precision fitting with neutrino oscillation data, determination of M κ , τ p , and the model association with decaying dark matter dynamics are new including the three different mixings and the prediction of the new Higgs scalar singlet χ S . Furthermore the completion of vacuum stability which was absent in the earlier work has been achieved in this work because of its decaying dark matter dynamics that predicts light Higgs scalar χ S with mass m 2 = M χ S = 178 GeV for which the perturbative upper bound is M χ S < 860 GeV.
The pattern of precision coupling unification in the minimal Model-II is the first observation as noted in this work. In this case the new minimal modification of the grand desert is achieved by supplying the single scalar component η(3, −1/3, 6) ⊂ 126 H of mass M η = 10 10.7 GeV again with precision proton lifetime predictions and solution to vacuum stability emerging from the model explanation of the dynamics of decaying dark matter. Like Model-I this model also predicts LHC detectable new light scalar with mass upper bound M χ S ≤ 860 GeV. Our vacuum stability resolution predicts a lower mass for this Higgs scalar m 2 = M χ S = 178 GeV.
Despite two large sized representations 126 H and 210 H , the fermionic representation 45 F , and also 45 H , 16 † H , Model-I and Model-II are noted to predict proton lifetime prediction up to τ p 10 35 yrs with reduced threshold uncertainties. This value is clearly within the accessible limit of ongoing Superkamiokande and Hyperkamiokande experiments.
In conclusion, we have found that this non-SUSY SO(10) with its intrinsic matter parity is a self sufficient theory of decaying dark matter and neutrino physics that predicts all the particle content, the Higgs or seesaw origin of their masses and mixings, and the minimal modifications of the grand desert by a single scalar of intermediate mass for precision gauge coupling unification without the assistance of any externally imposed stabilising discrete symmetry or fermion singlets of SO(10) such as N . The N i − Σ F mixings are extremely small because of the underlying intrinsic matter parity of broken SO(10) as gauged discrete symmetry whose breaking must be assisted by gravity or the Planck-scale for cosmologically safe acceptable solutions. Thus a Planck scale suppression of mixings naturally emerges in both Model-I and Model-II. Another factor contributing to natural suppression of this mixing is the SM matter parity conservation constraint that restricts the singlet VEV V χ ≤ v ew leading to the experimentally testable new Higgs scalar mass with perturbative upper bound M χ S ≤ 860 GeV. The resolution of vacuum instability issue predicts its actual mass m 2 = M χ S = 178 GeV. Starting from parity and matter parity invariant SO(10) gauge theory, in this work we have suggested experimental evidence of matter parity nonconservation at IceCube. Prospects of this model for scalar singlet WIMP dark matter including the detection possibility of the new Higgs scalar χ S (1, 0, 1) would be discussed elsewhere.
Appendix A: Diagonalisation of RHν Mass Matrices
It is to be noted that the light neutrino mixing matrix in PMNS parametrization is given by (79) For the sake of simplicity, primarily during the calculation of the light neutrino mass matrix, the Majorana phases are assumed to be zero and unphysical phases are also not considered. The best fit values of the solar and atmospheric mass squared differences [66] are used to calculate the light neutrino mass eigenvalues for different hierarchies as shown in table 7. Using these mass eigenvalues and best fit values [66] of the mixing angles and Dirac CP is diagonalised by unitarity V P matrix. This V P matrix is written in two parts, one 3 × 3 matrix which includes mixing angles, Dirac CP phase and unphysical phases) and the other is the multiplicative diagonal Majorana phase matrix (P m ).
The V P matrices for different cases are given below 
here 
The matching formula for different gauge couplings(α −1 i , i = 2L, Y, 3C) at the unification scale is given by
where λ i , i = 2L, Y, 3C are matching functions due to superheavy scalars (S), Majorana fermions (F) and gauge bosons (V),
where t iS , t iF and t iV represent the matrix representations of broken generators for scalars, Majorana fermions, and gauge bosons, respectively. The termp Sj denotes the projection operator that removes the Goldstone components from the scalar that contributes to spontaneous symmetry breaking. Decomposition of different SO (10) representations under G 213 with respect to their superheavy components are given in (10) representations under the SM gauge group G 213 used to estimate GUT threshold effects in Model-I. In Model-II H 5 = η ( 3, −1/3, 6) ⊂ 126 H is excluded as it has lower mass. 
where s 2 W = sin 2 θ W (M Z ) and the first term in the above eq.(94) represent one loop contributions. The terms ∆ i I , i = U, κ, α G denoting the threshold corrections due to unification scale(M U ), intermediate scale (M κ ) and GUT fine structure constant( 
Here a i , b ij and a i , b ij are one loop and two loop beta function coefficients for the range of mass scales M Z − M κ and M κ − M U , respectively, they are given in the Table.9   Table 9 : One loop and two loop beta function coefficients for RG evolution of gauge couplings 
Contribution due to gauge coupling matching at the GUT scale that occurs even when all superheavy masses are identical to M U [78] has been included. Using eq. (95) and values of matching functions, we estimate the corrections to mass scales due to superheavy masses in partially degenerate case when all the superheavy component masses belonging to a definite SO (10) 
Maximising the threshold uncertainty in M U leads to
where η SH = ln(
) and M SH /M U = n(1/n) with plausible allowed values of real number n = 1 − 10.
Similarly the threshold effects due to superheavy gauge boson components in 45 V have been estimated as shown in eq. (63) [87] . In the case of complete degeneracy in superheavy scalar masses from all representations, including the threshold effects are
Most dominant threshold uncertainty on the unification mass and proton lifetime occurs due to superheavy gauge bosons
where η V = ln(M V /M U ). Thus degenerate superheavy gauge boson masses few times lighter than M U can cause substantial enhancement in proton lifetime prediction. 
Minimal Model-II
where ∆ i II , i = U, η, α G denote threshold corrections to unification scale(M U ), intermediate scale(M η ), and inverse GUT fine structure constant(
One loop and two loop beta function coefficients for different ranges of mass scales are given in the Table.10 Using one loop beta function coefficients from 
